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Abstract 



Ph. As a motivation, we first recall the possible connection of electric-magnetic duality to finiteness in 
. = 1 super- Yang- Mills theories (SYM). Then, we present the criterion for all-order finiteness {i.e., 

vanishing of the /3-functions at all orders) in A = 1 SYM. Finally, we apply this finiteness criterion 
^ ■ to an SU{5) SGUT. The latter turns out to be all-order finite if one imposes additional symmetries. 

1 Introduction 

Our aim is to present a criterion for all-order finiteness in = 1 SYM theories, to outline its 
derivation, and to exhibit an application yielding an all-order finite supersymmetric GUT. As 
a motivation, we would first like to attempt at situating the discussion of all-order finiteness 
within the larger and exciting context of (electric-magnetic) duality in supersymmetric gauge 
theories. Holomorphy and duality in minimal and extended supersymmetry form indeed an 
extremely active domain of research, to which the present conference is devoted. 
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We start, following P, ^, by recalling basic ideas about duality and perturbative finiteness. 
The electric-magnetic duality of Maxwell's equations in the vacuum is a symmetry under the 
exchange of the electric and magnetic fields. In the presence of sources, one is led to introduce 
magnetic monopoles with magnetic charges qm-, in addition to the electric charges ge, which 
obey Dirac's charge quantization condition geO'm = 27rn, n G IN. For the elementary charges 
(n = 1), duality therefore exchanges qe with its inverse (up to the 27r factor) 27r/ge = qm- 

The electric-magnetic duality of Maxwell's theory motivates one to search for an analogous 
symmetry in the realm of quantum field theory, e.g., QED. The latter, supporting no magnetic 
monopoles, has to be rejected, and one therefore turns to spontaneously broken Yang-Mills 
theories. In that framework, due to the running of the couplings, duality can only be established 
if it can be made to hold at any scale fi, that is, the symmetry under the exchange of A(/i) with 
the dual coupling ~ l/A(/i) has to be scale-independent. The latter can be achieved provided 
the couplings do not run, i.e., provided their /^-functions vanish exactly. This is the case in 
N = 4 supersymmetric Yang-Mills theories, for which Montonen and Olive |Q have conjectured 
that electric-magnetic duality might be an exact symmetry. Similarly, N = 2 SYM theories can 
be made finite by choosing appropriate combinations of gauge group and matter fields which 
lead to vanishing one-loop /3-functions. A non-renormalization theorem then guarantees that 
the /3-functions vanish above one-loop The discussion of perturbative finiteness in = 2, 4 
SYM is hence seen to be closely related to that of electric-magnetic duality. 

There is an obvious interest in discussing the case of = 1 SYM theories as well. In 
contrast to A^ = 4 or A^ = 2, the A^ = 1 case is relevant to the supersymmetric GUT's 
of low-energy phenomenology, as those yielding the minimal supersymmetric standard model 
(MSSM). Therefore, in the same spirit of relating perturbative finiteness to electric-magnetic 
duality, we focus in the present paper on the case of minimal, A^ = 1 supersymmetry. We 
present the criterion for all-order finiteness in A^ = 1 SYM of 0] , give an outline of the proof 
and produce an example of application. 

The paper is structured as follows. In Section after reviewing the criteria for one- and 
two- loop finiteness in A^ = 1 SYM theories |0, we show how lower-orders finiteness can be 
extended to all orders P, 0, by imposing, as a consistency condition for higher orders, that 



the gauge and Yukawa couplings obey reduction in the sense of Oehme and Zimmermann |10 



All-order scale invariant theories hence possess a single independent coupling, which does not 
run. It should be noted, in the context of electric-magnetic duality, that the proof of this 
finiteness criterion for A^ = 1 SYM is a rigorous extension of a formal argument proposed for 
the finiteness of A^ = 4 ||. 

In Section ^, we present the criterion for all- order vanishing f3 -functions in N = 1 SYM 
of 0, an exact result which is based on hypotheses operating exclusively at the one-loop level. 
We start by recalling the structure of the supercurrent multiplet anomaly |Tl| , p!^ , |13[, which 
yields an important relation connecting the conformal anomalies, i.e., the /3-functions and 
the anomalous dimensions, to the axial and i?-axial anomalies. The latter axial and i?-axial 
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anomalies being non-renormalized, they are given by their one-loop values. Vanishing of the 
latters is among the hypotheses of the finiteness criterion. The consistency requirement of 
couplings reduction translates into a further hypothesis on the unicity of the solution to the 
conditions of vanishing one-loop Yukawa /3-functions. 

It turns out that fulfilling the criterion generally means imposing global, Lie-type or 
discrete symmetries that restrict the superpotential. As an illustration we present, in Section^, 
among the possible all-order finite = 1 SYM models, a realistic supersymmetric SU (5) gauge 
theory with discrete symmetries |T^. The latter finite model can be tested phenomenologically, 
based on its prediction for the top quark mass, which is in agreement with experimental data. 

To conclude this Introdution, let us mention that there exists related approaches to all- 
order finiteness in = 1 SYM, as those in refs. [jl5|, [16|, [1^ . The work of Intrilligator, Leigh 



and Strassler is of special relevance here due to its implications for duality symmetry. 



2 Finite = 1 Supersymmetric Gauge Theories 

We consider a chiral, anomaly free, A^ = 1 globally supersymmetric Yang-Mills theory based 
on a group G with gauge couphng g, and with the superpotential 



mij 0' 0^ + ^ ^ijk 4>' 0^' (f)^ 



(2.1) 



where rriij and Xijk are gauge invariant tensors and the matter fields transform according 
to the irreducible representation Ri of G. The renormalization constants associated with the 
superpotential (|2.1|), assuming that supersymmetry is preserved, are 



\0 _ yi'j'k' -v 



(2.2) 



The non-renormalization theorem for A^ = 1 SYM |T^ ensures the absence of mass and cubic 
infinities, therefore 



4r izt:)Hz^,)Hz^;)^ = s^5]5, 



k) 1 



zy\zt:)Hz^:)i = si:5_ 



J) ■ 



(2.3) 



As a result the only surviving possible infinities are those associated to the wave-function 
renormalization constants Zj, i.e., one infinity for each field. The one-loop gauge /5-function is 
given by 0, |1| 



^T(i?,)-3C2(G) 



(2.4) 



(iln/i IGvr^ 

where /i is the renormalization scale, T{R.j) is the Dynkin index of Ri and C2{G) is the quadratic 
Casimir of G. The one-loop /9-functions (3\^\ of the Yukawa couplings Xijk are related to the 
matrix 7*/^'* of one-loop anomalous dimensions of the matter fields 0* as 



dXin 



ijk 



dln/i 



\ ' (1) I \ ' (1) , \ ' (1) 



(2.5) 
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with I, H 

l^"^ = ^,[>^'''\ki-2g'C,{R,)5]] , (2.6) 

where C2{Ri) is the quadratic Casimir of the irrep. Ri, and A*-''^ = A*^^. 

Necessary and sufficient conditions for one-loop finiteness result from demanding that the 
one-loop gauge /3-function ( p.4| ), respectively the one- loop matter fields anomalous dimensions 
(|2.6| ), vanish, i.e., 

Y.nR^) = 3C2(G), (2.7) 

i 

X'^'X.M = 2g^C2{R,)S; . (2.8) 

These one-loop finiteness conditions are known to be necessary and sufficient for finiteness at 
the two- loop level M. In case supersymmetry is broken by soft terms, one- loop finiteness of 



the soft sector imposes further constraints on it |20|. In addition, the same set of conditions 



that are sufficient for one-loop finiteness of the soft breaking terms renders the soft sector of 



the theory two- loop finite |21 



The one- and two- loop finiteness conditions (p?7|)-(|278|) restrict considerably the possible 
choices of the irreps. Ri for a given group G as well as the Yukawa couplings in the superpoten- 
tial (|2.1|) . Note in particular that the finiteness conditions cannot be applied to the supersym- 
metric standard model (SSM), since the presence of a U{1) gauge group is incompatible with 
the condition (|2.7|) , due to C2[f/(1)] = 0. This naturaly leads to the expectation that finite- 
ness should be attained at the grand unified level only, the SSM being just the corresponding 
low-energy, effective theory. 

Another important consequence of one- and two-loop finiteness is that supersymmetry 
(most probably) can only be broken by soft breaking terms. Indeed, due to the unacceptability 
of gauge singlets, F-type |2^ spontaneous supersymmetry breaking terms are incompatible with 



finiteness, as well as D-type spontaneous breaking which requires the existence of a U{1) 
gauge group. 

A natural question to ask is what happens at higher loop orders. The answer is contained 
in a theorem |^ which states the necessary and sufficient conditions to achieve finiteness at all 
orders. Before we formulate the theorem let us make some introductory remarks. The one and 
two-loop finiteness conditions (|2.7])-([27^) restrict the possible choices of matter representations 
and impose relations between the gauge and Yukawa couplings [see ( |2.8|) ]. To require such 
relations which render the couplings mutually dependent, at a given renormalization point, is 
trivial. What is not trivial is to guarantee that relations leading to a reduction of the couplings 
hold at any renormalization pointQ. The necessary, but also sufficient, condition for this to 
happen is to require that such relations are solutions to the reduction equations of Oehme and 

^ A recent paper |Q deals with the possibility of extending at all orders the fixed points of Xijk /ff (a simple 
form of reduction of the couplings), by discussing lower-order results. 
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Zimmermann ||10||, 



/3p ^ = A,. , (2.9) 



and hold at all orders. It is remarkable that the existence of all-order solutions to ( |2.9| ) can be 
decided at the one- loop level . We shall come back to this point in Section ||. 



Attempts at reducing the couplings can be found in refs. p5|, p6|, ^% p8[. These models 



in particular the ones in ref. p8|, as well as the finite model that will be described in Sec- 



tion ^, predict among other things a window for the top quark mass pP| , More accurate 
measurements of the latter will decide on their validity. 

We now return to the all-order finiteness theorem of J^. It is based on (a) the structure 
of the supercurrent in = 1 SYM |]lT], |l^, |l3l, on (b) the non-renormalization properties of 
N = 1 chiral anomalies and finally on (c) the requirement of reduction of the couplings, 

in the sense discussed above. The theorem states that for an = 1 supersymmetric gauge 
theory based on a simple gauge group (with representations that are free of gauge anomalies), 
the necessary and sufficient conditions for (3g and (3ijk to vanish at all orders are the following: 
(i) the one-loop finiteness conditions (|2.7|)-(P78D hold; (ii) the reduction equations ( |2.y| ) admit a 
formal power series solution; (iii) the latter, in its lowest order, is also a solution of the condition 
(P7^). Since, as mentioned above, the existence of all-order solutions to the reduction equations 
can be decided at the one-loop level, the theorem can be recast in the form of a criterion for 
all-order finiteness 0, which is based on exclusively one-loop hypotheses. We shall develop that 
formulation in the next section. 

3 Criterion for All-order Vanishing /^-Functions 



I.e., 



We start by describing formally, within the "algebraic renormalization" approach pO 
through renormalized Ward identities, the action for A^ = 1 SYM (with a simple gauge group 
G) and its symmetries. In order to avoid problems with regularization, the theory is assumed 
to be renormalized according to the superspace renormalization scheme of |jl3| . 



The real gauge and chiral matter superfields are resp. denoted by V and 0*. The gauge- 
invariant superfield action reads (in a notation that differs from the one used in the original 
literature, references 0, 0): 

S = ^Tr ( I d^xd^eWWa + h.c. )+ — [ d^xd^e(t)\ ie^YA' 

IzQg^ \J J 16 J 

+^ (^J d^xd^d\,,k(i>'(i>'(i>^ + h.c. ) , (3.1) 



where we have omitted the supersymmetric mass terms of the superpotential ( p.l|) . In other 
words, we consider all fields to be massive, but we treat the theory only asymptotically at large 
Euclidean momenta. We therefore avoid all infrared problems associated with the dimension 
zero of the vector superfield V . [The construction of A^ = 1 SYM theories with supersymmetry 
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breaking masses, using the algebraic renormalization approach (in the Wess-Zumino gauge) 
developed in [BT|, has been addressed recently 



The detailed gauge-fixing of the action (|3.1|) [T^ is beyond our purpose. Following the 
BRS quantization procedure, one usually constructs the generating functional of one-particle 
irreducible Green's functions (the classical action) as 

^ ^ ^ invariant _|_ ^ gauge fixing _j_ ^ Faddeev— Popov _j_ ^ external sources 2^ 

and defines the quantum theory generating functional 

1 = 501 + C(r) (3.3) 

to be the most general solution of a set of renormalized constraints given by the gauge condition, 
the equations of motion, the rigid and BRS symmetries, etc. A subset of these constraints is 
relevant to the present context: 

1. i?-symmetry. On a generic superfield = 0| , ^, ghosts, antighosts, etc., i?-transforma- 
tions act infinitesimally as 

Sr^ = i{n^ + e'^dec. - rd-e^ ) ^ , (3.4) 

with i?-weights given by n^i = —n^] = — |, and all other = 0. The functional i?-Ward 
identity reads 

>Vi?r = -i5] l^^^^^-O, (3.5) 



where the symbol ~ denotes equality up to soft breakings (z. e., breaking terms that vanish in the 
deep Euclidean region) of i?-symmetry induced by supersymmetric masses, and the convenient 
superspace integration measure is subsumed in /. 

2. Supersymmetry, expressed through the usual (unbroken) Ward identities 

W„r = , WaT = . (3.6) 

3. BRS invariance, acting as, e.g., 

se^ = eV-c+e^ , s = -c+,{T^y ^(f^ , sc+ = ~{c+;c+} , (3.7) 

where c+, c+ denote Faddeev-Popov ghosts and antighosts. BRS invariance is encoded in a 
(non-linear) Ward identity, the Slavnov identity 



ifi I sifi non— linear ' fl^f linear ' 



, (3.8) 



where the Y^'s are external sources coupled to the non-linear BRS variations sip, e.g., those 
displayed in ( p.7|) . The corresponding / sipY^ terms in S sources j^g^j^g possible to define 

in the quantum theory the composite BRS variations sip as functional derivatives of F w.r.t. 
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the sources . The Slavnov identity (|3.8| ) is satisfied provided there is no gauge anomaly 
^ . The symbol ~ means that ( |3.8| ) , similarly to p.5| ) , holds up to soft breakings of BRS 
invariance induced by supersymmetric masses. 

4. A possible set of rigid chiral symmetries acting solely on the matter superfields, 



Sa(, 



I e 



a j\ 



5a< 



^aV = 6aC+ = 6aC+ 







generated by Hermitean charges Ca = e]j. The "chiral" Ward identity 
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T — h.c. 







(3.9) 



(3.10) 



is satisfied, up to soft breakings of chiral symmetry due to supersymmetric masses [see also 
(U) and (|]8|)], provided Xiji ejf, + Xjki ej^ + Xku ejj = 0. 

The Ward operators for supersymmetry, translations and /^-transformations close under 
super symmetry. As a consequence, a superfield Ward operator VV can be constructed out of 
the Ward operators for /^-transformations Wr, supersymmetry Wq,, VVq, and translations Wj, 
as 



the Ward identities ( p.5| ), (|3.6| ) are thus comprised in 

wr ~ . 



(3.11) 



(3.12) 



The component Noether currents associated to the symmetries in ( |3.11| ), i.e., the /^-current 
/?^, the supersymmetry currents Q^ai Qfia, and the energy- momentum tensor T^^, form a 
supermultiplet - the supercurrent |TT], |T2[ 



R^{x)-ie^Q^^{x)+irQ 



X 



2(r<^r)T,.(x) + ... 



(3.13) 



with Vaa = \o'aa ^ obcyiug the supertrace identity [T^, which we write schematically as 

/5"14a ~ 2D„S + c.t. . (3.14) 



"c.t." denotes the relevant contact terms. Applying /}" = de^ — icr'j^^Oa to ( |3.14| ) and 
/)" = —df)^ + iQa(y'^ to the conjugate equation, and combining, one gets the conservation 
condition for the supercurrent 



iiDDS-DDS)+ c.t. . 



(3.15) 



In (|3.14|) and ( p.l5| ), S is a chiral superfield insertion of dimension 3 and /?- weight —2 known as 
the supercurrent anomaly |T^|. It has the structure of a supermultiplet containing the anomalies 
of the supercurrent components, i.e., the anomalous divergence of the /^-current, the (7-)traces 
of the supersymmetry currents, and the trace of the energy-momentum tensor. Indeed, in the 
lowest component, (|3.15| ) yields an Abelian chiral anomaly breaking the /^-current divergence 

d^R'' r^i{DDS- DDS)+c.i. . (3.16) 
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It is remarkable that the supertrace identity ( p.l4| ) also yields dilatation anomalies in the 
energy-momentum trace 

Tf"^^ udT -^{DDS+ DDS) , (3.17) 
where ud is just, upon integration, the Ward operator of dilatations 

ujd = Wd = 

with the infinitesimal transformation law 



5 

6ip 



(3.18) 



(3.19) 



Our task is now to relate the Abelian chiral anomaly in the i?-current divergence ( |3.16|) 
and the dilatation anomalies in the energy-momentum trace ( p. 17] ) to the Abelian anomalies 
associated to the (possible) chiral symmetries Wa ( |3.10| ). The natural setting for deriving such 
a relation is provided by the Callan-Symanzik equation. We shall arrive at its formulation 
by expanding the supercurrent anomaly S in a basis of dimension 3, BRS- invariant, chiral 
insertions {Ln} as 

S = PgLg + Y^ Li,k - E 7'. L'j + ... , (3.20) 

where the dots stand for insertions which are not essential in the present context. The L„'s 
(the choice of which shall be justified by the Callan-Symanzik equation) are defined in terms 
of derivatives of the action functional w.r.t. the gauge and Yukawa couplings. 



dgT = J <fx<feLg + h.c. , dx,^J = j d^xd^eiijk + h.c. 
and in terms of the "counting operators" A/'^, defined as 



(3.21) 



4^ j2/i li 



d^xd'e 



- + h.c. 



T = j d^d'^eUj + h.c. 



(3.22) 



Let us replace into the energy-momentum trace ( |3.17D the expansion for S ( p.20| ) and the 
definitions of the L„'s ( p.21|) , ( |3.22|) . Then, relating the (broken) Ward identity of dilatations 
to the scaling operator through the dimensional analysis identity WdT = ^d^^ one arrives at 
the Callan-Symanzik equation 







(3.23) 



The latter describes how dilation invariance is broken by the /3-functions 13 g, jSijk associated to 
the renormalization of the gauge, resp. Yukawa couplings, and by the anomalous dimensions 
7*^. Eq. (|3.23| ) justifies a posteriori the choices of the coefficients in (|3.20| ), and of the definitions 
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We now perform a change of basis for the counting operators AT^- (|3.22| ), 



(3.24) 



where the e^a j charge matrices corresponding to the center of the algebra {Wa} formed by 
the chiral symmetries ( |3.1CI| ), i.e., 



d^xd^e<P' r- h.C. 



r ~ 



with 



[Woa;Wfe] = 0, V6. 



(3.25) 



(3.26) 



The new counting operators A/oa = i A/"*,- ( p.24| ) annihilate the superpotential in the (asymp- 
totic) action (13.11), in the sense that 



Oa 



j d'^xd^eXijk(j)'(f)^ (j)'' + h.C. 



. 



(3.27) 



One can show that the supercurrent anomaly S, as well as each of the insertions of its 
expansion in the new basis {Moa,J^ik} ( p.24| ), omitting the unessential terms A/ifc, 



S — (3g Lg + f3ijk Lijk — ^ 7oa + . . . 



(3.28) 



can be expressed as the i^o-dependent terms, 



and 



DD 



1 



128^3 ^ 9 



+ ra] K^,+ 



S = DD{r-Kl + ...] 



Lijk = DD r-ijk Kl + ... , Loa= DD roa + 



(3.29) 



(3.30) 

where is the ghost number zero, supersymmetric Chern-Simons term, and the dots stand 
for unessential terms. Replacing these expressions into ( |3.28| ), and identifying the coefficients of 
the Xg-dependent terms, yields an important relation |^ among the coefficients of the anomaly 
expansion ( F^ and those of (ICTI) , (|330|) : 



(3.31) 



where Vg, rijk are of order h at least, whereas r and roa are strictly of order h. 

Indeed, specializing to the case under consideration, the non-renormalization theorem for 
chiral anomalies in = 1 SYM (see |^) tells us that r and roa in ( p.31| ) are non-renormalized, 
i. e., they are of order one in h. r is the coefficient of the Abelian anomaly of the i?-axial current. 
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and the roa's are the coefficients of the Abehan anomahes of the axial currents associated to 
the chiral Woa-symmetries ( |3.25D . r and r^a are proportional to their one- loop values ^, 

r ~ /?« ~ T{R^) - 3 C^{G) , ro. ~ E . (3.32) 



Note that at the order one in ^, ( ^.311 ) reduces to Z^^^-* = 128 which just corresponds to the 



ffist "~" in eqs. (|3.32| ), up to the coefficient. 

The proof of the non-renormalization theorem |^ uses the fact that the supersymmetric 
Chern-Simons three-form K'^ is related through the supersymmetric descent equations to the 
zero-form Kq = | Tr c'^, the cubed ghost field insertion. The non-renormalization theorem 



for chiral vertices p^ , |T3[ guarantees the finiteness of the latter insertion. (Another derivation 



of the finiteness of Tr ci, which is based on the supersymmetric antighost equation, has been 



given in |]35| ) 



We now state the criterion for all-order vanishing /5-functions, in the form announced at 
the end of Section |^. 

Criterion for all-order vanishing /5-functions: 

Consider an N=l super- Yang-Mills theory with simple gauge group. If 

(i) there is no gauge anomaly, 

(ii) the gauge /3-function vanishes at one loop [eq. (PT7|)], 

/3« = , (3.33) 

(ill) there exist solutions of the form Ajj^ = pijk g, Pijk G ^, to the conditions of vanishing 
one-loop matter fields anomalous dimensions [eqs. (|2.8| )] 

tV'^ = ' (3-34) 

and (iv) these solutions are isolated and non-degenerate when considered as solutions of the 
conditions of vanishing one-loop Yukawa /3-functions [see eq. ( |2.5| )] 



41 = , (3.35) 

then each of the solutions Xijk = Pijkg can be uniquely extended to formal power series in g, 
and the associated SYM models depend on a single coupling constant (e.g., the gauge coupling 
g) with a (3 -function which vanishes at all orders. 

Some comments are in order. By "isolated" , we mean that the solutions cannot be multiple 
zeroes, whereas by "non-degenerate" we forbid parametric families of solutions. Indeed, the 
solutions of 7*/^'* = are generally multiple zeroes or come in one-parameter families. To obtain 
a SYM model with one isolated and non-degenerate solution {i.e., a unique solution for that 
model), one generally needs to restrict the superpotential by imposing global, chiral or discrete, 
symmetries. One solution of 7*/^'' = which is unique when regarded as a solution of (3\^l. = 
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therefore corresponds, if it exists, to a given global symmetry of the superpotential. This is the 
meaning of the finiteness criterion: there can be different, arbitrarily multiple or degenerate 
solutions to 7*/^'* = 0. Each of them may yield a finite SYM model with global symmetries, 
assuming that such symmetries exist. If more than one finite model can be constructed for a 
given unconstrained = 1 SYM theory, then each of these models corresponds to the original 
theory with an additional global symmetry specific to that model. 

Note that, due to the fact that the couplings are complex, there generally are undeter- 
mined phases left in the solution of P^^l = 0, hence the latter is a parametric family. These 
phases cp can be set to zero by hand provided the corresponding /9-functions, schematically 
f3^ = lm{(3x/ X), vanish. /3<^ = holds if one uses a renormalization scheme that preserves at 
all orders the one-loop relation ( ^l5|) between the (3- and 7-functions. For details, see 0. 

The conditions jSj^^^ = 7*/^"* = have been known for some time to guarantee one- and 
two- loop vanishing of the /5-functions Q (see Section Models which fulfill these conditions 



are tabulated in for the most popular (simple) gauge groups. Conditions (iii) and (iv) 
represent therefore consistency requirements that are necessary in order to extend the vanishing 
of the /9-functions at all orders. 

Some models satisfying the all-order finiteness criterion are known. An all-order finite 
SU{6) SYM theory has been presented in [0]. Other attempts at finding all-order finite models 
have resulted in constraining the initial theory by imposing discrete (orbifold-type) symmetries 
]T1|; an example is presented in Section ^ below. 

Let us now sketch the proof of the finiteness criterion. With the expressions for r and roa 
( |3.32| ), it follows from (ii) and (iii) that 

r = , resp. = , (3.36) 

the latter resulting from a corollary to the non-renormalization theorem for = 1 SYM stated 
above: the conditions 7^^'' = compatible iff roa = As a consequence of (|3.36|) , eq. 



( |3.31| ) reduces to 

= (128^ + '^s) + E Ajfc rijk . (3.37) 

That the Yukawa couplings Xijk are proportional to g in the one-loop approximation as a 
consequence of (iii) is clear from (|2.6| ). At higher orders, Xijk = Xijk{g) are formal power 
series in g, and one needs to impose for consistency that these functions satisfy the reduction 
equations ( p.9|) . 

A power series solution to the reduction equations exists at all orders if there is a lowest- 
order solution which is unique. We now look at this point in more details, following 0, |T0|. At 
one-loop, the reduction equations (|2.9|) reduce to 



^3U(^^Jk,9) = 0, VA,,fc, (3.38) 
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which is hypothesis (iv). Separating the complex \ijkS into their real and imaginary parts, we 
assume all Yukawa couplings to be real and denote them by Aj. The reduction equations ( |2.9| ) 
now read 

A , (3.39) 



dg 



where the /3-functions have the forms [jTU| 

9 



A = E E E Ct^ '^-'""^ A,,...A,,,,, = ) 'g'X, + ) ''"^ A,AA™ + Oih') (3.40) 

n=l a=0 k 



with n denoting the loop order, and 

00 rt— 1 



n=2 a=0 k 



(3.41) 



Having assumed hypothesis (ii), i.e., [3^^^ = 0, we look for a solution of (|3.39|) of the form 



(3.42) 



n=0 



Inserting ( p.40| ), ( p.41| ) and ( p.42| ) into ( |3.39| ), one finds that pf^ must be a solution of the 
equations 

F.lP^'^] ^ C^'fl^ + C^'''-f^f^f^ = , (3.43) 

which are just eqs. ( |3.38| ), i.e., hypothesis (iv). At higher orders, one gets the recurrence 
conditions 

Mf p1") = /. , n>l, (3.44) 
of which the right side depends only on p^P\ p < n. The matrix M depends on p^^^ exclusively. 



M 



k miP^'^] 



(3.45) 



If this matrix is non-singular, i.e., ijf the solution p^^^ of (|3.43|) is unique, then ( p.44|) determines 
the higher order coefficients of ( |3.42| ) in terms of p^'^\ 

Having done this, we replace the reduction equations [in their form (|2.9|) ] into ( p.37 ) and 

get 



= /3, 



1 dXijk 



+ ^9 + E 



128^^3 ' ^ dg 



ijk 



(3.46) 



which is of the form = f3g [1/128 g^ + 0{h)], i.e., the bracket in ( |3.46| ) is perturbatively 
invertible. It follows that /3g = at all orders, for the unique remaining (independent) coupling 
of the theory, e.g., the gauge coupling g. 
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4 A Realistic Finite SGUT Based on SU{b) 

From the classification of theories with = g one can see that, using SU{5) as gauge 



group, there exist only two candidate models which can accommodate three fermion genera- 
tions. These models contain the chiral supermutiplets 5, 5, 10, 10, 24 with the multiplicities 
(6, 9, 4, 1, 0) and (4, 7, 3, 0, 1), respectively. 

Only the second model contains three families and can describe in a self-consistent way 
{i.e., without reference to a larger model) the spontaneous symmetry breaking (SSB) of SU{5) 
down to SU{3) x SU{2) x f/(l). We therefore concentrate here on that model, for which the 
most general 5'f/(5) invariant, = 1 supersymmetric, cubic superpotential is 

^ = \9ija lOjlOjifa + Qija IQihjHa + ]j^g' ijk lOiSjSfe + ^g^ab lOiHaHb 

+fab Ha24Ht + hia 5i24Ha + p 24^ (4.1) 

where k = 1, 2, 3 and a,b = 1, 2, 3, 4; we have suppressed the SU (5) indices. The lOj's and 
5j's are the usual three generations, and the 24 contains the scalar superfield. The four (5 + 5) 
Higgses are denoted by Ha, Ha- 

Given the superpotential, the 7*^^)'s can be easily computed [P^^^ vanishes of course]. Eq. 
(|2.8| ) imposes the following relations among the Yukawa and gauge couplings 



(4.2) 



To realize finiteness at all orders, we must find a unique solution of f3^jl = [eq. ( |3.35| )], that is 
consistent with the vanishing of the 7^^'''s [eqs. ([4.2|) ]. Such a search contrasts with most of the 
previous studies of the present model |3^, where no attempt has been made to find isolated 
and non-degenerate solutions. These studies have rather pursued an opposite goal. They have 
used the freedom offered by the fact that the solutions are not isolated in order to make specific 
Ansdtze that could lead to phenomenologically acceptable predictions. 



H 


ig^Ja9'''+ffacf"' + ^qiacq''"' = 


fg'^a 


H 


Sg^^ag'^'+ffcar' + fh^ah'" = 


fg's'a 


5 


4gk^ag'^^ + fh,ah^'' + ig'ikl9'''' = 


fg'si 


10 


2 gika g'"'' + 3 g^ka g'"'' + q^ab q""' + g' m g'""'' = 


fg'si 


24 


fabr'+fpP* + hiah'- = 


10 g^. 



Following |T^, we concentrate on finding a model (1) that is phenomenologically interest- 
ing, e.g., the SU{5) SGUT based on the (unconstrained) superpotential ( [4.1|) , and (2) which 
yields a solution to ( |4.2| ) that is unique as a solution of ( |3.35|) in order to realize finiteness. 
As a first approximation to the Yukawa matrices, a diagonal solution (that is, one without 
intergenerational mixing) may be considered. It turns out that this can be achieved by impos- 
ing the Zi X Z3 discrete symmetry presented in Table 1, plus a multiplicative Q-parity on the 
superpotential W. Under the latter Q-parity, the lOj's and 5j's describing the fermion multi- 
plets are odd, while all other superfields are even. These symmetries allow only gm, gm, 
and p to be non-vanishing. Furthermore, looking at this problem from the point of view of 
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Table 1: The charges of the Z-j x Z3 symmetry 





lOi 


102 


IO3 


5i 


52 


53 


Hi 




^3 


^4 


z, 


1 


2 


4 


4 


1 


2 


5 


3 


6 







1 


2 














1 


2 









the first formulation of the finiteness criterion (see Section H) , we have found that there indeed 



exists a unique power series solution of the reduction equations ( |2.9| ) that satisfies the finiteness 
conditions (|3.34|) , (|3.35|) . Defining 



\9ija\ 



a 



\9ija\ 



Air ' Att ' 

this unique solution is given by 



at 

J a 



I f |2 
\Jab \ 

Air 



Otr 



An ' 



and ctGUT 



An 



(4.3) 



a-- = 2 



^44 



5 "GUT + C'(aGUT) 

acuT + C'(a^uT) , 



= |aGUT + 0(«^UT) 

= f ttcuT + C(a^uT) 



(4.4) 



The C(aQUT)"t6rms are power series in acuT that can be uniquely computed to any finite order 
if the /3-functions of the unreduced model are known to the corresponding order. The reduced 
model in which gauge and Yukawa couplings are unified has /^-functions that identically vanish 
to that order. 

In the above model, we have found a diagonal solution for the Yukawa couplings, with 
each family coupled to a different Higgs. However, we may use the fact that mass terms 
do not influence the /3-functions in a certain class of renormalization schemes, and introduce 
appropriate mass terms that allow to rotate in the Higgs sector so that only one pair of Higgs 
doublets, coupled to the third family, remains light and acquires a non-vanishing VEV (this 
is similar to [^). Note that the effective coupling of the Higgs doublet to the first family is 
very small, hence avoiding a potential problem with proton lifetime Thus, effectively, we 
have at low energies the minimal supersymmetric standard model (MSSM) with only one pair 
of Higgs doublets. 

Supersymmetry breaking can be achieved through soft breaking terms, which do not 
influence the /3-functions beyond Mgut- It is worth mentioning that renormalization group 
invariant relations in the soft supersymmetry breaking sector (which hold up to two loops) 
have been revived When these conditions are applied to (a generalization of) the present 
SU{5) model, the finite case emerges as the only possibility. 

Since the SU{5) symmetry is spontaneously broken below Mgut, the finiteness conditions 
obviously do not restrict the renormalization property at low energies. All one gets at such 
regimes is a boundary condition on the gauge and Yukawa couplings, which have to be so chosen 
that they satisfy ( [4.4|) at Mgut- So we examine the evolution of the gauge and Yukawa couplings 
according to their renormalization group equations at two-loops, taking into account all the 
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boundary conditions at Mqut [0- A recent analysis based upon updated experimental 
data on Standard Model parameters yields as a prediction for the top quark mass in the present 
model 

mt = (185 ± 5) GeV . (4.5) 



5 Conclusions 

Electric-magnetic duality can be implemented in supersymmetric Yang-Mills theories if the 
relations exchanging the weak and strong coupling regimes can be made to hold at any renor- 
malization scale, i.e., if the couplings do not run. This illustrates the connection between 
electric- magnetic duality and exact vanishing of the /5-functions, i.e., all-order perturbative 
finiteness. We did not attempt here at giving a formal description of that connection, which 
we have used mainly as a motivation for discussing all-order finiteness. Hoping to contribute 
to the exciting discussion on duality symmetries, we have concentrated on the case of all-order 
finite = 1 supersymmetric gauge theories. 

The criterion we have presented at the end of Section ^ for all-order vanishing /3-functions 
is attractive due to the fact that it does involve only one-loop hypotheses. The condition 
that the solutions be isolated and non-degenerate [hypothesis (iv)] is generally not met by 
an unconstrained model. This does however not mean that SYM theories cannot be made 
finite; finiteness can be achieved by enforcing the unicity of such solutions through additional 
symmetry requirements on the superpotential. 

In general, the procedure of constructing an all-order finite SYM theory involves two or 
more steps. One first reduces the number of independent Yukawa couplings by means of global 
symmetries. Then one checks if the solution of 7*/^"* = considered as a solution of P^jl = 
is isolated and non-degenerate. If not, the process has to be restarted, imposing an enlarged 
global symmetry to the superpotential. The process stops successfuly if unicity of the solution 
of f3ljl = is attained. 

One course, a more practical point of view may be adopted. Starting from an uncon- 
strained SYM model, one imposes the global symmetries that are motivated by phenomenology 
(as, e.g., family symmetry), and then checks if finiteness is realized. One may hope that the 
global symmetries which are necessary for finiteness turn out to be physically relevant and to 
carry predictive power. 

We have presented an application of the finiteness criterion to a SU{5) SGUT. The latter 
is shown to be all-order finite provided one imposes discrete symmetries of the type Z-i x Z^, 
plus a multiplicative Q-parity. The same model yields a prediction for the top quark mass, 
rrit = (185 ± 5) GeV, which is in agreement with the present experimental data. 
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